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ABSTRACT 


This  is  Part  II  of  a two-part  paper  which  continues  the  unification  of  sto- 


chastic comparisons.  Many  commonly  used  multivariate  densities  are  shown  to  be 
G-ordered  and.  In  fact,  each  such  density  may  be  used  as  the  kernel  function  In  the 


Integral  transform  for  the  preservation  of  G-mono tonicity.  We  show  that  any  elllp 


tically-contoured  density  is  G-ordered.  We  present  an  application  of  G-ordered 


functions  to  certain  well-known  tests  of  a multivariate  hypothesis.  Sufficient  con- 


ditions on  the  distribution  of  the  observations  are  determined  so  that  the  tests  have 


G-monotone  Increasing  power  functions 


tcctssiow  <W 


UWkNHOUNCtD 

jUSTlf'CAI'ON 
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1.  Introduction  and  Sumnarv. 

This  Is  Part  II  of  a two-part  paper  which  generalizes  a rearrangement  ordering, 
develops  the  theory  of  functions  Isotonic  with  respect  to  the  more  general  ordering, 
and  presents  applications  In  statistics.  In  Part  I we  defined  reflection  ordering 
(a  generalization  of  transposition  ordering)  and  G-ordered  functions  (a  generalization 
of  functions  decreasing  In  transposition  (DT)).  (See  Hollander,  Proschan,  and 
Sethuraman  (1977)  for  definitions  of  transposition  ordering  and  DT  functions.)  In 
Part  II  we  present  applications  of  G-ordered  functions  In  statistics. 

In  Section  2 we  show  that  many  well-known  multivariate  densities  have  the  G- 
ordered  property  for  G,  the  permutation  group.  In  fact,  each  density  may  be  used 
as  the  kernel  K for  the  preservation  of  G-monotonlclty  under  the  Integral  transform 

/ K(X,x)  f(x)  dp(x). 

1 n g 

We  show  that  the  class  of  densities  proportional  to  exp  ' ’• 

where  o,e  > 0,  has  the  G-ordered  property  for  G,  the  group  of  sign  changes  and  per- 
mutations. Finally  we  determine  the  reflection  group  G for  which  any  elllptlcally- 
contoured  density  has  the  G-ordered  property. 

In  Section  3 we  apply  the  theory  of  G-ordered  functions  to  a class  of  hypothesis 
testing  problems.  I'or  a given  testing  problem  we  determine  sufficient  conditions  on 
the  model  such  that  the  power  functions  of  a well-defined  class  of  tests  have  a G- 
monotone  or  a G-ordered  property.  We  apply  our  results  to  both  parametric  and  non- 


parametrlc  models,  each  of  which  contains  a wide  variety  of  linear  models  as  well. 


I , 

f 2,  G-ordered  Denaltlea  In  Statistics. 


In  the  first  part  of  this  section  we  show  that  each  of  a nuiriser  of  well-known 
densities  may  be  used  as  the  kernel  function  of  the  integral  transform  for  the  pre- 
servation of  G-monotonlclty . We  make  use  of  the  main  theorem  for  the  preservation  ^ 

of  G-monotone  functions  and  its  corollaries  (Theorem  4.15,  Corollaries  4.17,  4.18, 

! 

4.19,  4.20,  and  4.21  of  Part  I).  In  the  second  part  of  this  section  we  discuss 

elllptically-contoured  functions.  These  functions  possess  the  G-ordered  property  I 

for  some  reflection  group.  Notable  examples  of  elllptically-contoured  densities  are 

the  multivariate  normal,  the  multivariate  T,  and  the  multivariate  Cauchy.  ^ 

Throughout  this  section  and  the  section  to  follow,  let  K be  the  class  of 

G,IJ 

all  kernels  R on  which  preserve  G-monotonlclty  under  the  following  Integral  ^ 

transform  with  respect  to  the  measure  v>: 

h(X)  ■ / K(X,x)  f(x)  du(x). 

Let  R and  Z denote  the  set  of  points  in  Euclidean  n-space  whose  coordinates 
are  nonnegative  real  numbers  and  nonnegative  integers  respectively. 

Theorem  2.1.  Let  K^,  defined  on  x X^,  1 ■ 1,2,..., 7,  be  the  1^**  density 

listed  in  1-7  below.  Let  G be  the  permutation  group  acting  on  R°  and  let  v 
be  the  counting  measure  on  X,.  Then  K.  e X_  for  1 ■ 1,2,.. .,7. 

1 1 G,p 

(1) . Multinomial . 

i *1 

" n+ 

R.  (X,x)  • N!  n r , The  set  A,  ■ R and  the  set 

A 1-1  *1*  ^ 

n 

X-  - {x  € r"  : X.  - 0,1,..., n,  1 - l,2,...,n,  and  I x.  - N}. 

^ 1-1  ' 
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(2) . Negative  Nultlnomlal » 


K2(X,x)  - 


r(N  + f X ) -N-  lx.  *1 

* X ‘ J X ^ 


. The  set  A2  ■■  R and  the 


set  X2  ■ T 


(3) . Multivariate  Poisson. 


min 


K (X.x)  - e-<«  + + ...  + A^)  ii  ; 

J-1  1-1  ^*1 


The  set  ■ R and  the 


set  Xj  - z”^. 


(4).  Multivariate  Hypergeometrlc . 


K.(X,x)  - n 

1-1  X 


: M Ai 


1-1  . The  set  A,  - R and  the  set  X.  - X. 

4 4 X 


1 / N 


n n n 

{x  c R : “ 0,1, ...,N,  1 - 1,2, ...,n,  and  [ x - N < I X }. 

1-1  1-1  ^ 


(5) . Negative  Multivariate  Hypergeometrlc . 


K5(X,x) 


N!  r[  y xj  ^ 

li_i  « r(x  + 

=— = n — = 

n f " 4 1 r(X, 

n X. ! r N + y X.  ^ 

1-1  ^ ^ 1-1 


n r(x^  + x^)  ^ 

n — fOTl * Aj  - R and  the  set 


n 

X,  - {x  € R : X.  - 0,1, ...,N,  1 - 1,2, ...,n,  and  ^ x - N}. 

1-1  ^ 

(6) . Dlrlchlet  Compound  Negative  Multinomial. 

+ y x.l  rfe  + y x^l  r(N  + e)  ^ . 

. 4, ^ 1-1  ^ 1-1  ; ^<^1  ^ ^i> 

^ n n ; r(X.) 

n X : r(N)  r(e)  r(N  + 0 + y (x.  + x.))  ^ ^ ^ 

1-1  ^ 1-1  ^ ^ 


n hr\-  The  eet  A.  - r‘ 

1-1  ® 


and  the  set  X^  - Z . 
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(7) . Dlrlchlet  Compound  Multinomial . 


K^(X,x) 


* ’■i> 

r(»  . xj  ‘ 


. The  set  ■ R and  the  set 


* Cx  € R • Xj^  • 0^1>*«*fn9  i.  • ly2}»««yn»  and  ^ x^^  ■ N} , 

Proof . Note  that  w,  the  counting  measure,  is  translation  Invariant  and  Is 
also  6-lnvarlant  when  G Is  the  permutation  group  acting  on  R®.  For  1 ■ 1,2,. ..,7, 
and  are  G-lnvarlant  subsets  of  r”. 

(1) .  Let  ^(A,x)  be  the  density  of  n Independent  Poisson  random  variables  with 

parameters  Aj , ^2 » • • • » > and  note  that  ^ has  the  generalized  semigroup  property 

n 

with  respect  to  counting  measure.  Define  ^(x)  > ^ x.  and 

1-1  ^ 

K(£(A),  - — , where  K Is  the  density  of  a univariate  Poisson  random 

K(£(A),  t(x)) 

variable  with  parameter  l(.\) . Define  the  transformation  TA  - 

and  the  function  Kj^(TA,Tx)  - (KX,x)  K(£(X),  £(x)),  so  that  Kj^  Is  the  density  of  a 
multinomial  random  variable  with  parameter  TX.  Clearly  X i X If  and  only  If 
TX  9 TX.  He  thus  conclude  that  K.  e X_  by  Corollary  4.19  of  Part  I. 

1.  WfU 

(2)  We  obtain  the  negative  multinomial  by  mixing  n independent  Poisson  random 
variables  according  to  a ganna  distribution.  Thus  K2  has  the  G-ordered  conditional 

generalized  semigroup  property  and  consequently  K,  c K.  by  Corollary  4.17  of 

/ G,p 


Part  I. 
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(3) .  Suppose  that  U,X. ,X», . . . ,X  are  Independent  Poisson  random  variables  with 

i.  4 n 

parameters  Ct respectively.  Define  ■ U + X^,  i ■ l,2,...,n.  Then 
is  the  Joint  density  of  . . .,Y^.  The  conditional  Joint  density  K^(X,x) 

of  Yj^.Y^, . . . tY^  has  the  G-ordered  generalized  semigroup  property.  Thus  has 

the  G-ordered  conditional  generalized  semigroup  property  and  consequently  K-  € K 

J v«,lJ 

by  Corollary  4.17  of  Part  I. 

(4)  . The  multivariate  hypergeometrlc  distribution  is  the  conditional  distribution 
of  n independent  binomial  random  variables  given  their  sum.  An  argument  analogous 
to  that  which  we  used  to  show  that  K,  c K-  may  be  used  to  show  that  K,  e K„  . 

(5)  . Let  ^(S,x)  be  the  multinomial  density  and  tp(0,X)  be  the  Dlrlchlet  density. 

Then  Kj(X,x)  ■ / liiCB.X)  ^(6,x)  dii*(x),  where  y*  is  Lebesgue  measure.  We  establish 
in  Theorem  2.2  below  that  ^ y**  a consequence  of  Corollary  4.20  of 

Part  I we  conclude  that  K,  e . 

5 G,y 

(6)  and  (7).  We  invoke  Corollary  4.20  to  conclude  that  K,,K-  € K„  .|| 

D / 


Theorem 


th 


2.2.  Let  defined  on  x X^,  1 ■ 1,2 5,  be  the  1 density 


listed  in  1-5  below.  Let  G be  the  permutation  group  acting  on  and  let  y be 

Lebesgue  measure  on  X^.  Then  ^ “ 1.2,..., 5. 

(1) . Dlrlchlet . 


^ f n 'je-l  n X -1 

K,(X.x) p • 

Tt/A\  n \ 1*X  1"X 


y.-|- 

The  set  ■■  R and  the  set 


r(e)  n r(x  ) 
1-1  ^ 


X.  - {x  € R**  ; X.  a 0,  1 - l,2,...,n,  and  \ x i 1}. 
^ 1-1  ^ 


I 
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(2) . Inverted  Dlrlchlet. 


n \ n X.-l 

r e + ^ A n X ^ 

i«i  1-1  ^ 

n 

n f n ■v9+  ][  A. 

r(e)  n r(A  ) i+  I xJ  i-i 

1«1  1-1 


. The  set  A«  - X_  - R . 

n Z z 


(3) . Multivariate  Gamaa. 


I 

Ux)  - I 


min  XI  e-1  " , /l"^  r,  r 1 

a n (x^  - u)  exp{(n  - 1)  u - I x^} 


du.  The  set 


n r(A  ) 

i-1 


- Xj  - r“^. 


(A) . Multivariate  F. 

n A.  n A -1 

r(A^)  n (2Ap  ^ n x^  ^ 

K,(A,x)  - ^ . The  set  A,  - X - r"^. 

H n 4 4 


" ( **  1 A 

2 n r(A  ) A + I A x 1-0 

i-0  ^ ^ ° i-1  ^ 


I*. 


(5).  Multivariate  Normal. 


Kjd.x)  - 


(I  ‘J' 


••  I T1 

exp'  - J J T — f.  The  set  A.  - R**^  and  the  set  X_  - r”. 

n 'li  1-1  *1  ^ 


Proof.  Note  that  p,  the  Lebesgue  measure,  is  translation  Invariant  and  is  also 


G-invarlant  when  G is  the  permutation  group  acting  on  R . For  1 - 1,2,. ..,5,  A^ 
and  X^  are  G-lnvariant  subsets  of  R**. 


I '■'[Tj  ilYltliW  1 ~ f — 'i-  - - - r"  ■‘rri--~  - • 


‘I  ^•'  • '■■  '’T*l-v  v-'*-. 
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Suppose  X^.Xj^, . . . ,X^  are  independent  chi-square  random  variables  with 


^o’^l’***’^n  **^8^®®®  freedom  respectively.  Let  Y » X [ ^ X ] , J - l,2,...,n. 

The  Joint  density  of  . . . ,Y^  is  a Dirichlet  density.  We  appeal  to  Corollary 


4.21  of  Part  I to  conclude  that  K.  e K„ 

1 G,u 

(2) .  Suppose  X^.Xj^, . . .,X^  are  as  in  (1)  above.  The  Joint  density  of  Y^  ■ X^/X^, 

J * l>2,...,n,  is  an  inverted  Dirichlet  distribution.  The  conditional  distribution 
Ky(^.x)  of  Yj^,Y2f . . . ,Y^  given  X^  = u has  the  G-ordered  generalized  semigroup 

property  with  respect  to  Lebesgue  measure.  Consequently,  K2  has  the  G-ordered  con- 

litional  generalized  semigroup  property  and  thus  by  Corollary  4.17  of  Part  I, 

(3)  Suppose  X^,Xj^, . . . ,X^  are  independent  gamma  random  variables  with  respective 

-cale  parameters  and  common  shape  parameter  6.  The  Joint  density  of 

Yj  ■ X^  + Xj,  J ■ l,2,...,n  is  multivariate  ganana  and  it  has  the  G-ordered  conditional 

generalized  semigroup  property,  so  that  K-  eK  as  a consequence  of  Corollary  4.17 

J 

of  Part  I. 

(4) .  Suppose  X^,Xj^, . . .,X^  are  Independent  chi-square  random  variables  with  re- 

X /2X; 

spectlve  degrees  of  freedom  2X^,2X2, . . .,2X^.  Let  Y - ^ » J “ 1,2, ...,n.  The 

o o 

Joint  density  of  Yj^,Y2, . . . ,Y^  is  the  multivariate  P density  and  it  has  the 

G-ordered  conditional  generalized  semigroup  property.  Thus  we  use  Corollary  4.17 

of  Part  I to  conclude  that  K,  e 

4 G,p 
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(5).  The  density  has  the  G-ordered  generalized  semigroup  property  so  that 
by  Theorem  4.15  of  Part  1 we  conclude  that  e ^.(( 

We  note  here  that  Hollander,  Proschan,  and  Sethuraman  (1977)  have  shown  that 
the  multivariate  logarithmic  series  and  the  multivariate  Pareto  densities  are  G- 
ordered  for  the  permutation  group.  We  have  been  unable  to  determine  If  either  of 
these  densities  are  elements  of  K for  any  translation  Invariant  and  G-lnvarlant 

ttjli 

measure  p . 

Consider  the  class  of  densities  of  the  form: 


► • 

1 n Q 

l,x)  - c • exp  - - I |x  > A.r  a.®  > 0- 
“ 1-1  ^ ^ 

k 4 


When  9 » 1 and  c ■ (2a)  K(X,x)  Is  the  Joint  density  of  n Independent  random 
variables  from  the  univariate  Laplace  or  double  exponential  distribution.  Densities 
of  this  form  are  G-ordered  for  the  group  of  permutations  and  sign  changes.  Stated 
formally : 

1 n . 

Theorem  2.3.  Let  K(X,x)  - c • exp' I |x.  - X | ■,  where  a,0  > 0 and 

“ 1-1  ^ 

x^,X^  e R^,  1 - l,2,...,n.  Let  G be  the  group  of  permutations  and  sign  changes. 
Then  K Is  G-ordered. 


Proof.  Since  K Is  of  the  form  f(x  - X),  It  Is  equivalent  to  show  that 


I 1 r 0 1 I 1 

f(x)  - c • expj-  ~ £ 1*1^1  j O-monotone  decreasing.  Since  expj-  ~ I 


0 ** 

Is  a decreasing  function  of  I |x. | > It  suffices  to  show  that  g(x}  - ^ |x. | 

1-1  1-1  ^ 


la  G-monotone  Increasing.  Now  g Is  a smooth  G-lnvarlant  function,  so  that  g Is 


F 


G-oonotone  Increasing  If  and  only  If  (r'x)(r'7g)  > 0 for  all  x c r"  and  all 

* _ . * 


r c A_.  A fundamental  set  of  roots  for  G,A„,  is  the  set  {r, , i = l,2,,..,n} 
V7  G 1 

u{rj^  1 - 1,2, . . . ,n-l},  where  r'  *=  (0, ...  ,0,1,0, ...  ,0)  and 


r'  ■ (0, . . . ,0,l//2,-l//2,0, . . . ,0)  . It  is  easy  to  check  that  (r'x)(r'Vg)  i 0 


^ n * 

for  all  X € R and  all  r € Thus  f Is  G-monotone  decreasing  and  as  a conse- 


quence of  Theorem  4.10,  K is  G-ordered.|) 

We  now  turn  our  attention  to  elllptlcally-contoured  densities,  which  have  the 
form  c • f(x'Bx),  where  B is  positive  definite.  For  any  quadratic  form. 


def 


Qg(x)  “ x'Bx,  with  B positive  definite,  there  exists  a reflection  group 


for  which  Q is  G-monotone  increasing.  If  f Is  a decreasing  function  and 

D 


K(A,x)  ■ c • f[{x  - l)'B(x-  X)],  then  K is  G„-ordered.  We  now  present  this 

D 


result  formally. 


Lemna  2.5.  Let  B be  an  N x N matrix.  Let 

(1)  : 


P - [r<^>  ...  r 
1 n 


r^'^^  ...  r •••  I ® dlagonalizer  of 


B such  that  {rj^\  . . . ,r^^^ } is  a set  of  orthogonal  eigenvectors  corresponding  to 
1 n^ 


the  eigenvalue  X^  and  a basis  for  the  subspace  V^,  1 ■ l,2,...,k.  Let 


0^0 


•0. 


where  0^  is  any  n^  x orthogonal  matrix.  Let  M - PDF'.  Then  MB  ■ BM. 


VMithtiii^fit^iitfMr  lit  r 11 


and  note  that  DA  - AD.  Now  MB  - PDP'PAP'  - PDAP'  = PADP'  - PAP'PDP'  - BM,  as 
desired . | | 

We  now  present  a theorem  which  describes  the  group  G for  which  the  quadratic 

form,  Qb(x)  > x^Bx,  is  G-monotone  increasing.  Denote  the  group  G-. 
o B 


t 


Theorem  2.6.  Let  V^,  1 * l,2,...,k,  be  the  subspaces  of  r”  irfiose  bases  are 

the  sets  of  orthogonal  left  eigenvectors  corresponding  to  the  distinct  eigenvalues 

of  a positive  definite  matrix  B.  Then  G^  * O(Vj^)  x OCV^)  x ...  x 0(Vj^), 

where  0(V^)  is  the  orthogonal  group  acting  on  V^,  1 = l,2,...,k. 

"l 

Proof.  Let  the  dimension  of  be  n^^  and  note  that  0(Vj^)  " P^O(R  )p', 

i - 1,2, ... ,k. 

(I) .  We  show  that  for  any  g e G_,  (gx)'B(gx)  » x'Bx.  Now  g is  of  the 

B 

form  PDP'  as  in  Lemma  2.5,  so  that  gB  ■ Bg.  Thus  (gx)'B(gx)  - x'g'Bgx  ■ x'g'gBx 
■ x'Bx. 

(II)  . We  show  that  for  y e C„  (y>  (the  convex  hull  of  the  Gn“orblt  of  x)  , 

B 


x'Bx  i y'By.  Write  x ■ Xj^  + Xj  + . . . + x^  and  y 


+ 72  ^k’ 


, ...,k.  That  y e C_(x)  is  equivalent  to  x . 'x . 2 y.'yj* 

Gg  1111 


*l’^i  « ^1*  ^ ■ ^‘2 


1 - 1.2 


k.  Now  x'BX 


- x'PAP'x  - I - I A^Xi'x^  I A Yj'y 

1"1  !■!  !■! 


• y^By,  where  ■ 


,1,  0 

0 'A. 


. Thus  we  have  shown  that  x'Bx  k y'By  whenever 


y 6 C-(x).| 


Application  2.7.  A general  class  of  multivariate  distributions  has  density 
function  K(A,x)  proportional  to  exp{-v~^t(x  - A)'B(x  - A)l^^^},  with  B positive 
V > 1.  (See  Johnson  and  Kotz  (1972)  p.  298.)  For  a fixed  B,  any 
density  of  this  form  Is  G^-ordered.  Note  that  for  v ■ 2,  K(A,x)  is  the  multivariate 

normal  density  with  mean  A and  variance-covariance  matrix  B 


Application  2.8.  Let  X be  a multivariate  normal  random  vector  with  mean  A 


and  variance-covariance  matrix  b"^.  Define  Y - (/v/S)X,  where  S Is  a chi-square 
random  variable  with  v degrees  of  freedom.  Independent  of  X.  The  random  vector 
Y with  multivariate  T distribution  Is  G^-ordered.  as  In  Application  2.7.  Note 


that  when  B Is 
one.  we  have  the 


the  Identity  matrix  and  the 
multivariate  Cauchy  density. 


nundier  of  degrees  of  freedom 
In  this  case  G * 0(R**). 

D 


V 


Is 
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3.  Applications  to  Hypothesis  Testing. 

In  this  section  we  present  some  applications  In  hypothesis  testing.  The  main 
thrust  of  the  section  Is  the  demonstration  of  monotone  properties  of  power  functions. 
Let  X be  an  n-dimenslonal  random  vector  with  density  K(X,x)  on  A x X, 

where  A and  X are  subsets  of  V,  a linear  subspace  of  r”.  We  wish  to  test 
either  of  the  following  hypotheses. 

(1)  . H : ■ 0 versus  H,  : A'X  * 0. 

o 1 11 

(2) .  H : Arx  € F versus  H,  ; a:x  ^ F. 

o 1 11 

Here  F Is  a closed  fundamental  region  for  a group  G and  A^^  Is  an  n x k matrix, 

k $ n.  The  linear  transformation  on  V defined  by  A£  yields  a space,  A£V,  whose 

dimension  Is  at  most  the  dimension  of  V.  One  obvious  method  for  testing  both  (1)  and 
(2)  Is  to  transform  the  space  of  observations  by  means  of  A"  and  base  a test  on 
some  function  of  A£x,  where  x Is  an  observation  from  K(X,x).  Denote  the  density 

of  A^  by  ^(A'X,A^x)  and  suppose  that  It  is  an  element  of  K for  some  trans- 

lation  and  G-lnvarlant  measure  y.  Then  any  test  of  (1)  based  on 

■ {u  € A'X  ; f(u)  > c^),  where  f Is  G-monotone  Increasing,  has  a G-monotone 

Increasing  power  function.  This  Is  an  Immediate  consequence  of  Theorem  4.15  and 
Its  corollaries  In  Part  I.  If  the  density  is  G-ordered,  then  any  test  of  (2) 
based  on  ■ {u  c A'X  : f(u)  > where  f Is  G-ordered  with  respect  to  F, 

has  a power  function  G-ordered  with  respect  to  F.  This  Is  an  Immediate  consequence 
of  Corollary  3.15  of  Part  I. 

Our  main  Interest  In  this  section  lies  In  special  cases  of  the  hypothesis 
testing  problems  (1)  and  (2)  above.  Suppose  that  A - [A^^  * A2]  Is  an  element  of 
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the  (Orthogonal  group  acting  on  V and,  for  some  reflection  group  G,  A'A_  ■ 

[Aj^  ; 01'  Ag  u [0  ; A2]'Ag.  Under  certain  assumptions  on  K(X,x),  the  density  of  X, 

the  power  functions  of  tests  presented  below  have  monotonlc  properties.  We  do  not 
require  that  the  distribution  of  the  test  statistic  be  computed  nor  do  we  need  to 
determine  If  that  distribution  has  a G-ordered  property. 

We  now  present  some  technical  lemmas  to  set  the  stage  for  the  main  theorem 
einbodylng  the  results  described  above.  We  also  summarize  the  discussion  on  the  de- 
composition of  reflection  groups  In  Benson  and  Grove  (1971) . Many  of  the  results 
below  depend  upon  the  decomposition  of  a reflection  group. 

As  a preliminary,  note  that  for  any  reflection  group  G acting  on  V,  the 

.:roup  G » lA'gA  : g c G},  where  A e 0(V),  is  a reflection  group  acting  on  A'V. 

Lemma  3.1.  Let  V be  a subspace  of  r”  and  suppose  that  A e 0(V),  Then 

oi  any  reflection  group  G,  x 9 y If  and  only  If  A'x  9 A'y. 

Lemma  3.2.  Let  V be  a subspace  of  r”  and  suppose  that  A e 0(V).  Then  for 

y F" 

r;ny  reflection  group  G,  g^  g^  If  and  only  If  A'g^^A  2®  A'g2A,  where  ^ - A'P^. 

Now  we  proceed  with  a short  discussion  on  the  decomposition  of  a reflection  group. 

Let  G be  a reflection  group  acting  on  V.  Suppose  that  A*  Is  a set  of  fundamental 

***  * * *,* 

• cots  for  G and  that  A ■ Aj^  u A2,  with  Aj^  and  A2  nonempty  and  Aj^  J_  A2.  Let 

'/^  be  the  subspace  of  V spanned  by  A^,  1 ■ 1,2.  Then  the  restriction  IV2  is 

the  Identity  transformation  on  V2  for  each  r^  c A*;  also,  the  restriction  (Vj^ 

is  the  Identity  transformation  on  for  each  r^  c A*.  Set  Gj^  ■ (gfVj^  : g « G} 

m.’  G2  • (81^2  ! g € G},  so  that  for  1 ■ 1,2,  G^  Is  generated  by  the  reflections 
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|v^  along  the  roots  « A*.  Each  g e G can  thus  be  expressed  as  g|Vj^  # g|V2 

acting  on  * ^2*  follows  then  that  G Is  Isomorphic  with  Gj^  x G^  acting  on 

V,  f V^. 

We  now  present  some  additional  lemmas  whose  proofs  rely  on  the  decomposition 
result  above. 

Lemaa  3.3.  Let  G be  a reflection  group  acting  on  V and  let  A ■ fA^  * AjJ 

be  an  element  of  the  orthogonal  group  acting  on  V such  that  A'A*  - [A,  • 0]'A* 

G 1 • G 

u 10  • A2l'A*.  Define  G^  - {[A^  • Oj'gfA^  -0]  : g € G}  and 

^ ^ it 

G2  ■ do  ; A2l'gt0  ; A2J  : g £ G}.  Then  G,  the  reflection  group  generated  by  A'A^ 
Is  Isomorphic  with  Gj^  x G2  acting  on  A'V  • [A^  • Ol'V  • [0  • Ajl'V. 

Proof.  We  have  that  A'A*  » [A^  • OJ'A*  u [0  • A2l'A*  and  [A^  • 01 'A* 

1 [0  ; A2]''Ag.  Since  for  any  g e G,  [A^  ; 0]'g[A2  ; 0]  is  the  restriction  of 


1 


I 
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(2). 

(3).  »x<»Sax«>. 


Proof . That  (2)  and  (3)  are  equivalent  Is  a consequence  of  Lemma  3.1.  To 


show  the  equivalence  of  (1)  and  (2),  we  note  that  the  restriction  ; 01 'V 


la  the  Identity  transformation  on  [Aj^  ; 0)'V  for  each  r c [0  ; A2]'Aj,.  Also 


the  restriction  M^ltO  ; A2]'’V  Is  the  Identity  transformation  on  (0  ; A2l‘V  for 


each  r e l OI'A^.  Thus  and  are  equivalent  under  G2-majorlzatlon 


and  X2^^  and  x^^^  are  equivalent  under  G^-majorlzatlon.  Consequently, 


x^^^  xj^\  j • 1,2,  If  and  only  If  I x^^\| 


Lemma  3.5.  Let  G,  G,  Gj^,  G2,  and  A be  as  In  Lemma  3.3.  Define 


g ■ • g2  where  gj  ^ e Gj^  and  c G2,  1 ■ 1,2.  Let  be  a 


closed  fundamental  region  for  G^^,  1 ■ 1,2,  and  define  F • P^  • F2.  Then  the 


following  statements  are  equivalent. 


(1).  j - 1.2. 


(2). 

(3).  Ag^^^A". 


Proof . That  (2)  and  (3)  are  equivalent  Is  a consequence  of  Lemma  3.2.  An 
argument  analogous  to  the  one  used  In  the  proof  of  Lemma  3.4  establishes  the  equi- 
valence of  (1)  and  (2) . 1 1 


I 


li 


t 1 


i 


Lenina  3.6.  Let  G,  G,  Gj^,  G2»  and  A be  as  In  Lemma  3.3.  Let  h be  G-monotonc 


increasing  (decreasing)  on  V.  Then  h(x)  ■ h(Ax)  is  Gj^-monotone  increasing 
(decreasing)  on  A'V. 

ProoJ[.  Suppose  x,y  c A'V.  Define  x - Xj^  - x^  and  y ■ + 72*  where 

G, 

€ [A]^  : 0]'v  and  X2iy2  e [0  ‘ A2l'V.  Suppose  Xj^  2 y^^  and  X2  ■ 72*  Then 
X i y and  consequently  Ax  9 Ay.  Thus  h(x)  - h(Ax)  2 h(Ay)  - h(y).|| 

Lenma  3.7.  Let  G,  G,  Gj^,  G2t  and  A be  as  in  Lemma  3.3.  Let  f be  G-ordered 

with  respect  to  F on  G.  Then  f(g)  = f(AgA')  is  Gj^-ordered  with  respect  to 
[Aj^  j Ol'F  on  G. 

Proof.  Suppose  g2,g2  c G.  Define  g^  - g^^^  fl  g^^^  and  g2  - g^^^  « g^^\ 

where  g^^^g^^^  e G^,  i = 1,2.  Suppose  that  g^^^  H g^^^  and  that  g^^^  « g2^^ 

is  the  identity  transformation  on  [0  • A2]'V.  Then  gj^  g2  and  consequently 

Ag^A'  I Ag2A'.  Thus  f(g^)  - f(AgjA')  2 f(Ag2A')  - f(g2).|| 

Results  similar  to  the  one  shown  in  Lemma  3.7  exist  for  G-ordered  functions  on 

2 _ 

V and  also  for  functions  G-ordered  with  respect  to  F on  V. 

We  now  present  two  theorems  which  embody  our  main  applications  in  the  area  of 

hypothesis  testing.  Sufficient  conditions  are  determined  under  which  power  functions 

of  certain  tests  of  multivariate  hypotheses  are  G-monotone  increasing  or  G-ordered 

with  respect  to  a closed  fundamental  region  F. 

Theorem  3.8.  Let  G,  G,  G^,  G2»  and  A be  as  in  Lemma  3.3.  Let  K(X,x),  defined 

on  A X X,  be  an  element  of  ^ and  suppose  that  f is  G-monotone  increasing  on  X. 
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Then  the  power  function  of  a test  of  H : A'X  - 0 versus  H.  : A'X  * 0 based 

o 1 11 

on  » {x  e X : f(x)  is  Gj^-monotone  increasing  on  A 'A. 

Proof . Define  h(X)  * / K(X,x)  I (x)  dy(x),  so  that  h is  G-monotone  In- 

^f 

creasing  on  A as  a consequence  of  Theorem  4.15  or  one  of  Its  corollaries.  Then 
the  power  function  h(X)  » h(AX)  Is  Gj^-monotone  Increasing  on  A'A  by  Lemma  3.6.  || 

Theorem  3.9.  Let  G,  G,  Gj^,  G^,  and  A be  as  in  Lemma  3.3.  Let  K be  G-ordered 


on  A X X and  be  absolutely  continuous  with  respect  to  a G-lnvarlant  measure  u . 

Let  f be  G-ordered  with  respect  to  F on  X.  Then  the  power  ftmction  of  a test 

of  H ; A'X  € F versus  H,  : A'X  i F based  on  C,  - {x  e X : f(x)  > c } Is  G,- 
ol  11^  f o 1 

ordered  with  respect  to  [A^  • Ol'F  on  A'A. 

Proof . Define  h(X)  ■ / K(X,x)  I_  (x)  dw(x),  so  that  h Is  G-ordered  with 

^f 

respect  to  F on  A as  a consequence  of  Corollary  3.14.  Then  the  power  function 
h(X)  ■ h(AX)  is  Gj^-ordered  with  respect  to  [Aj^  • 0]'F  on  A'A  by  Lemma  3.7  and  the 
comment  following  It . 1 1 


Example  3.10.  Suppose  a random  vector  X has  an  elllptically-contoured  density, 
l.e.  the  density  of  X,  K(X,x),  defined  on  A x X,  has  the  form  c • g[(x  - X) 'B(x  - X)], 
where  B Is  positive  definite  and  g Is  a decreasing  function.  Let 


P - tr«>  ...  r <» 


...  r - [P, 


P|^]  be  a dlagonallzer  of 


B such  that  r la  a set  of  orthogonal  eigenvectors  corresponding  to 

”l 


the  eigenvalue  and  basis  for  the  subspace  1 - l,2,...,k.  The  density 


I 


^ I 
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K(A,x)  is  G-ordered  for  the  group  C • 0(Vj)  x OtV^)  * ...  x 0(Vj^).  Define 


- [Pj 


Pjl  and  pj^'  - [Pj^^  : ...  : P^l,  1 s j JJ  k,  80  that 


P'd*  » ’•  i **’*  group  generated  by  P'A*  is 

G ■ O(P'Vj)  X 0(P'^2)  * ...  x O(P'Vj^),  the  group  generated  by  I 

Gj^  - O(P'Vj^)  X OCP'V^)  X ...  X 0(P‘Vj),  and  the  group  generated  by  (0  ; Pj 

la  G^  " O(P'Vj^).  As  a consequence  of  Theorem  3.8, 

~(1)' 

the  power  function  of  any  test  of  : P^  X ■ 0 versus  : P^  X ^ 0 based  on 

C,  ■ {x  e X : f(x)  > c },  where  f Is  G-monotone  Increasing,  Is  G.-monotone  Increasing, 
to  A 

Tests  of  this  form  Include  tests  of  certain  specified  orthogonal  contrasts. 

As  a specific  case  of  Example  3.10,  suppose  the  parameter  space  A Is  generated 

by  the  rows  of  the  design  matrix  for  a simple  one-way  analysis  of  variance  lay- 


out. Define 


1 P P 
pip 
P P 1 


, -i  < p < 1. 


(1),  f(^2' 
2 * 


'"2 

-.<®2  + 


2 . 83  - 2B^)//6. 


J 

1 

\ 

Then 

“ I//2 

\l^ 

i/i/T' 

“1/1^ 

1/*^" 

"i/vT 

\ 

1 

P - 

-1/*^ 

1//6 

I/k'J 

s(i)  . 

’ ^2 

\l/i 

1//6 

, and 

jrU)  , 

l/^3 

j 

• ] 

1 

0 

-2/*^ 

_ 0 

-2/V?_ 

_l//3_ 

; 

Define  X 

- *3x4»» 

where 

8 « R^. 

Then 

1 
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and  any  test  of  A - 0 versus  * 0 based  on 

^ • ^(*)  ^ where  f Is  G-monotone  Increasing,  has  a G^-monotone 

Increasing  power  function.  It  this  case  is  0(R^)  and  the  teat  is  actually 

equivalent  to  a test  of  P,  - - 8, . 

2 3 4 

Eaaaple  3.11.  For  p,  a^,  02*  6^,  $2  € R^,  define 


V + 

w + o + 8- 
A - ^ ^ . 

p + 02  + 8j^ 

W + (*2  + 82 

Note  that  parameters  of  this  form  may  arise  from  a two-way  analysis  of  variance 

layout  with  no  interaction.  Suppose  we  desire  to  test  H : o - o.  versus 

o 1 2 

* ®2'  the  orthogonal  matrix 


1/2  • I//2 

0 

1/2 

1/2  1 -I//2 

0 

1/2 

-1/2  1 0 

I//2 

1/2 

-1/2  • 0 

-11^2 

1/2 

A - A2]  ■ 


so  that  Aj^A  " ” ®2*  ®1  group  of  sign  changes  acting  on 

® € R and  X2  ■ • x^  ■ 0}  and  let  G2  be  any  reflection  group 

acting  on  V2  ■ {x  € R : x.  ■ 0 and  x„,x.j,x.  e R^}.  Define  A~  ■ A~  u As  and 
‘ J-  234  G Gj^  G2 

* * 

^G  " ^G*  observation  vector  X has  a density  K(A,x)  belonging  to  K , 
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then  any  teat  of  H : a,  ■ a.  based  on  C,  > {x  e : f(x)  > c },  where  f Is 
o 1 ^ t a 

G-monotone  Increasing,  has  a G^-monotone  increasing  t^ciwer  function. 

There  are  numerous  examples  In  which  Theorems  3.8  and  3.9  can  be  used  to  show 
monotonicity  properties  for  power  functions  of  tests  of  multivariate  hypotheses. 

We  may,  for  Instance,  apply  both  theorems  to  hypothesis  tests  involving  the  general 
linear  model  of  the  form  Y - X8  + c,  where  c Is  a random  vector  having  density 
g(x)  on  V.  For  the  general  linear  model  the  parameter  space  A of  Theorems  3.8 
and  3.9  Is  the  linear  space  spanned  by  the  columns  of  X'  and  the  density  of  the  ob- 
servations K(Xx)  ■ g(x  - X),  where  X - XB. 

Illustrations  of  the  usefulness  of  Theorems  3.8  and  3.9  Include  a wealth  of 
r.onparametrlc  tests.  We  may  consider,  for  example,  variables  used  In  testing  cer- 
tain multivariate  hypotheses  to  be  the  signs,  ranks,  or  signed  ranks  of  a set  of 
observations.  We  then  use  Theorems  3.8  and  3.9  by  allowing  K(X,z)  to  be  the  £i.'e- 
ri-.ency  function  of  the  signs,  the  ranks,  or  the  signed  ranks  of  a set  of  ob8ervatlc.->s . 
: -^-iy  well-known  nonparametrlc  tests  of  h3rpotheses  can  be  formulated  to  fit  the 
aesumpClcns  of  Theorems  3.8  and  3.9,  so  that  isonotonlclty  properties  for  the  power 
iLnctloCd  lamedlately  ensue.  These  Include  the  sign  test  of  Fisher,  the  rank  sum 
and  the  signed  rank  tests  of  Wllcoxon,  and  the  test  for  equal  treatment  effects  of 
iCruskal  and  Wallis.  In  each  case  the  usual  assumptions  are  such  that  the  assumption?; 
of  Theorem  3.2.8  are  satisfied.  The  ranklike  tests  of  Ansarl  and  Bradley  and  of 
Moses  for  determining  equality  of  dispersion  can  be  shc^  under  the  usual  assumptions 
to  have  monotonlc  power  functions  using  Theorem  3.8.  The  test  for  ordered  alterna- 
tives - against  a null  hypothesis  of  equal  treatment  effects  presented  by  Jonckheere 


can  be  reformulated  to  fit  the  assumptions  of  Theorem  3.9.  Comequently,  the  usual 
assumptions  of  the  model  dictate  that  Jonckheere 's  test  has  a G-ordered  power  function. 
It  Is  Important  to  note  that  In  all  these  examples  observations  irere  assumed  to  be 
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mutually  Independent.  We  have  Indicated,  through  Theorems  3.8  and  3.9,  sufficient 
conditions  on  the  joint  distribution  of  the  observations  under  which  power  functions 
are  monotone.  Independence  of  observations  In  most  cases  Is  not  at  all  a necessary 


assumption. 
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